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The reader of [2] might conjecture that ∆(Πn)/G is homotopy equivalent
to a wedge of spheres for any n ≥ 3 and any subgroup G ⊂ Sn. We disprove
this by showing that ∆(Πp)/Cp is not homotopy equivalent to a wedge of
spheres for any prime number p ≥ 5.
1 Introduction
Let n ≥ 3 and let Πn denote the poset consisting of all partitions of [n] := {1, . . . , n}
ordered by refinement, such that the finer partition is the smaller partition. Let Πn
denote the poset obtained from Πn by removing both the smallest and greatest element,
which are {{1}, . . . , {n}} and {[n]}, respectively. We consider Πn as a category, which
is acyclic, and define ∆(Πn) to the nerve of the acyclic category Πn, which is a regular
trisp, see [4, Chapter 10].
The symmetric group Sn operates on ∆(Πn) in a natural way. We set S1×Sn−1 :=
{σ ∈ Sn | σ(1) = 1}.
Theorem 1.1 (Donau [2]). Let n ≥ 3 and G ⊂ S1 × Sn−1 be an arbitrary subgroup,
then the topological space ∆(Πn)/G is homotopy equivalent to a wedge of spheres of
dimension n− 3.
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2 Free actions on trisps
Let ∆ be a trisp andG a group that acts freely on ∆, then the quotient map ∆ −→ ∆/G
is a covering space by Proposition 1.40 and Exercise 23 in [3]. Assume ∆ is simply
connected, then pi1(∆/G) is isomorphic to G by Proposition 1.40 in [3]. Furthermore,
if G is additionally an abelian group, then H1(∆/G;Z) is isomorphic to G. We obtain
the following results:
Proposition 2.1. Let ∆ be a simply connected trisp and G a finite group that acts
freely on ∆, then ∆/G is not homotopy equivalent to a wedge of spheres.
Lemma 2.2. Let ∆ be a simply connected trisp and G an abelian group that acts freely
on ∆, then H1(∆/G;Z) is isomorphic to G.
Definition 2.3. Euler characteristic
χ(∆) :=
∑
n≥0
(−1)n|Sn(∆)|
Sn(∆) denotes the set of simplices of dimension n.
Definition 2.4. Betti number
βFn (∆) := dimHn(∆;F )
Theorem 2.5. Let ∆ be a trisp which has finitely many simplices. Then we have
χ(∆) =
∑
n≥0
(−1)nβFn (∆)
for any field F .
The proof can be found in [4, Chapter 3].
Lemma 2.6. Let ∆ be a trisp that is homotopy equivalent to a wedge of k spheres of
dimension d > 0. Let G be a finite group that acts freely on ∆. Then
Hi(∆/G;Q) ∼=


Q for i = 0
Q
k+1
|G|
−1
for i = d and d even
Q
k−1
|G|
+1
for i = d and d odd
0 else
Proof. We have Hi(∆;Q) ∼= 0 for i 6= 0 and i 6= d. By applying the Transfer Theorem1
we obtain Hi(∆/G;Q) ∼= 0 for i 6= 0 and i 6= d. By Theorem 2.5 we have
χ(∆) =
∑
n≥0
(−1)nβQn (∆) = 1 + (−1)
dk
1See [1]
2
which implies χ(∆/G) = 1+(−1)
dk
|G| , since G acts freely. We apply Theorem 2.5 again
and obtain χ(∆/G) = 1 + (−1)dβQd (∆/G). Hence β
Q
d (∆/G) = (−1)
d(1+(−1)
dk
|G| − 1) =
(−1)d+k
|G| − (−1)
d.
3 A prime period action on the reduced subset lattice
Now let p ≥ 5 be a prime number. We consider the subgroup of Sp that is generated
by a cycle of length p, which we denote by Cp. Set
Lp := P([p]) \ {∅, [p]}
Here, P([p]) denotes the set of subsets of [p]. Sp acts on Lp in a natural way.
Lemma 3.1. Let p > 0 be a prime number, then Cp acts freely on Lp. In particular
Cp acts freely on ∆(Lp).
Proof. We have to show gv = v implies g = id for all v ∈ Lp and g ∈ Cp. Let g ∈ Cp
with g 6= id, then g generates Cp. Let v ∈ Lp and assume gv = v. Since Cp acts
transitively on the set [p], v 6= ∅ implies v = [p], which is impossible.
Proposition 3.2. Let p ≥ 5 be a prime number, then
H1(∆(Lp)/Cp;Z) ∼= Zp (1)
Hp−2(∆(Lp)/Cp;Z) ∼= Z (2)
Proof. Cp acts freely on ∆(Lp) by Lemma 3.1. By applying Lemma 2.2 we obtain
H1(∆(Lp)/Cp;Z) ∼= Zp, since ∆(Lp) is simply connected. The abstract simplicial
complex Lp, where the vertices are the singleton sets, is homotopy equivalent to a
sphere of dimension p−2. This can be verified via Discrete Morse Theory for example.
Since ∆(Lp) is the barycentric subdivision of Lp, ∆(Lp) is also homotopy equivalent to
a sphere of dimension p− 2. Via Lemma 2.6 we obtain Hp−2(∆(Lp)/Cp;Q) ∼= Q.
4 A prime period action on the reduced partition lattice
Let n ≥ 3 be a fixed natural number. The symmetric group Sn operates on ∆(Πn)
in a natural way. Let p ≥ 5 be a prime number, then ∆(Πp) is homotopy equivalent
to a wedge of (p− 1)! spheres of dimension (p− 3) by Theorem 1.1. We consider the
quotient ∆(Πp)/Cp.
Lemma 4.1. Let p ≥ 3 be a prime number, then Cp acts freely on ∆(Πp).
Proof. It suffices to show that Cp acts freely on the set of vertices of ∆(Πp). We have
to show gv = v implies g = id for all v ∈ Πp and g ∈ Cp. Assume we have gv = v with
g 6= id. Since g generates Cp, we have gv = v for all g ∈ Zp. In particular, Cp acts on
the blocks of v and this action is free by Lemma 3.1. Hence we have at least p blocks,
which is impossible.
3
Proposition 4.2. Let p ≥ 5 be a prime number, then
H1(∆(Πp)/Cp;Z) ∼= Zp (3)
Hp−3(∆(Πp)/Cp;Z) ∼= Z
(p−1)!−(p−1)
p (4)
In particular ∆(Πp)/Cp is not homotopy equivalent to a wedge of spheres.
Proof. Cp acts freely on ∆(Πp) by Lemma 4.1. By applying Lemma 2.2 we obtain
H1(∆(Πp)/Cp;Z) ∼= Zp, since ∆(Πp) is simply connected. Via Lemma 2.6 we obtain
Hp−3(∆(Πp)/Cp;Q) ∼= Q
(p−1)!+1
p
−1 ∼= Q
(p−1)!−(p−1)
p .
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